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Abstract. In this paper, we use a formalism including supersymmetry to calculate the Green function for
the spinning relativistic particle in the presence of the step potential. This is an example of one of simple
but fundamental inhomogeneous fields. We obtain an explicit expression of the Polyakov spin factor and the
presence of the step gives rise to a correction of a delta potential in the spin—field coupling. The calcula-
tion is done using the perturbation technique. The corresponding positive- and negative-energy states are
obtained. This Green function is used to evaluate a pair-creation probability in this potential.

PACS. 03.65.-w; 03.30.+p; 03.65.Ca; 03.65.Db; 12.38.Cy

1 Introduction

The phenomenon of pair creation by a classical electro-
magnetic background was first studied by Schwinger [1]. In
his famous paper, the probability of the vacuum—vacuum
transition in a constant electromagnetic background is cal-
culated in terms of the imaginary part of the effective
Lagrangian, and the appearance of an imaginary part in
the effective action is associated to an instability of the
vacuum caused by the pair creation corresponding to a
quantum field effect. Recently, the phenomenon of pair cre-
ation from strong background fields, which is related to
the known Klein paradox, attracted some attention in the
case of various field configurations and the more realistic
external and solvable case of fields, non-uniform and non-
homogeneous, are important and are of great interest in
the non-perturbative treatment of this phenomenon find-
ing applications from particle physics to cosmology [2, 3].
Many different methods, based on the solution of the wave
equations [33,34], the solution of the Heisenberg equa-
tions [4] or an exact calculation of relative Green func-
tions [1, 5, 6] have been developed to study pair creation in
external fields. In the latter case, the proper time method
is used to express the propagator as a Feynman path in-
tegral [7,8]. This is also known as the spinning worldline
path integral formulation. This is a supersymmetric model
using commuting variables and anti-commuting variables
such as Grassmann variables and attempts to combine
relativistic invariance and the discrete nature of spin re-
quired by relativity. This formalism was developed from
the calculation point of view in the case of concrete con-
figurations of external fields [9—16], which are a combina-
tion of a constant field and a plane wave field. The study
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of time dependent and spatially inhomogeneous electric
backgrounds is also of great interest in the applications.
Recently, the resolvent technique [17] has been applied
to a spatially inhomogeneous background. The numerical
worldline techniques [18] combine worldline discretization
with Monte Carlo techniques to develop an algorithm for
the computation of pair-creation rates in scalar QED for
inhomogeneous fields. Furthermore, different approaches
such as the WKB approximation [19,20] and instanton
techniques [21] are also important in extracting informa-
tion on this pair-creation phenomenon. Worldline instanta-
neous techniques [22, 23] are extended to the non-uniform
and non-homogeneous cases by doing semiclassical non-
perturbative computations presenting a more explicit re-
sult for the situation of a time dependent electric field and
implicit results for the spatially inhomogeneous case.

Our aim in this paper is to use this supersymmetry for-
malism to calculate the Green function for the spinning
relativistic particle in the presence of the step potential.
This is an example of one of simple but fundamental in-
homogeneous fields. Then we calculate, using this Green
function, the pair-creation probability relative to the step
potential. This gives us the assurance that all our first cal-
culations are correct by extracting information on this pair
creation. The method can be extended to more general
solvable spatially inhomogeneous cases.

In Sect. 2, we present a review of the path integral rep-
resentation of the relativistic particle propagator, and we
unify the treatment for spin 0 and 1/2. For the latter case,
we use the global projection [24]. In Sect. 3, by integration
over spin variables we obtain an explicit expression for the
Polyakov spin factor. The presence of the step gives rise to
a correction of a delta potential in the spin—field coupling.
Therefore, we calculate the Green function in the presence
of the step corrected by this delta potential by using the
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perturbation technique. The corresponding positive- and
negative-energy states are obtained. In Sect. 4 we calculate
the pair-creation probability for the Dirac and the Klein—
Gordon equations relative to this step potential. We give
the results for Klein—Gordon particles as well as for Dirac
ones, where the exclusion Pauli principle changes the nor-
malization and, hence, the probability. Section 5 is devoted
to the conclusion.

2 Path integral formulation

The path integral for the relativistic spinning particle
propagator in interaction with an external electromagnetic
field was proposed by Fradkin-Gitman [25, 26]. In this sec-
tion, let us briefly recall the construction of this path in-
tegral representation. Multiplying the Dirac operator ( # —
m) by the matrix v° (v° = 7%y19243), the relative propa-
gator will satisfy the following equation:

(%—mys)g(x,y) :—54(x—y), (1)

where § = §9°, 7% = 4°, §# =~°# and [7#,5"]1 = 2p"
with ™" = diag(1, -1, -1, -1, —1) and m,n =0, 3, 5.

Formally, S(x,y) is the matrix element in the coordi-
nate space of the inverse Dirac operator, namely

S(z,y) = (z|Sly)
with
S=(#-my")t=0"". (2)
The operator ( /Aﬁ' —m~®) is a pure Fermi operator and
its square is a Bose type operator that can be represented

using the generalized Schwinger proper time representa-
tion:

S(z,y) = / dA / dy(z] exp{iO® + xO}ly),  (3)

where x is an odd variable anti-commuting with 4-matrices.

This is known as a local projection. But there is another
simple projection known as global [24], where the operator
O does not evolve, and its role is to project along global
evolution the Klein—Gordon type states on the Dirac ones.
To construct the related path integral representation, we
define the propagator of the Dirac equation as a causal
Green function, S°(z, y), solution of the equation

(£—mn°)5%(z,y) = —6*(z—y). (4)
So
Sz, y) = (£ —m7")ouG°(z,y) , (5)
where
F=7"%, (6)

R. Rekioua et al.: Path integral treatment of pair creation by the step potential

and é’c(ac, y) is represented via the Schwinger proper time
method as

G (a,y) =i / (x| e OV |y (7)

To unify the study for spin 0 and 1/2, it is convenient to
write the Hamiltonian H () subject to the electromagnetic
interaction as follows:

1
H,=—(# —m’ tise (Fuy"9) ), =07,

where we have adopted the following notation for any sym-
bol A:

fors=0,

(A)(QS):{Z fors=1/2. ©)

To present G<(z,%) by means of a path integral we write,
as usual, exp(—iH (\)) = [exp(—iH (\)e)]V, with e = 1/N,
and insert the N and (N 4+ 1) resolutions of the identity,
Jlz){@|dz=1Tand [|p)(p| dp=1I, between all the op-
erators exp(—iH (A)e). Introducing the N additional inte-
grations, which ensure the reparametrization invariance of
the theory, [ dA\gd(Ar —Ak—1) =1, we get

ég(x,y):Nl_ig}oo(—i)/d)\o/d)\l/--~/d>\N+1

N+1

X/dw1/~~-/de T (x| 0008
k=1
|$k71>5()\k —)\kfl). (10)

For these J-functions we use the integral representation

(Mg —Ap_1) = /eiﬂ(kk—kkq) dnp, (11)

1
V2T
and replace the Dirac matrix by the Grassmannian trajec-
tories following the functional identity:

A
T exp {/ pn(T)Y" dT} lp=0
0

= exp (i’y"in) / DV exp
60" ) Jw(0)y+w(1)=0

A
X / (T, 0™ — 2ip, ¥™) AT + W, (1)¥"(0)
0

where the measure DV is given by

1 —1
/ DW exp ( / wnw'"d7> ,
(0)+¥(1)=0 0

(13)

DY =DV

and 0, and ¥,, are Grassmannian variables, anti-commu-
ting with the ~-matrices. Finally inserting the result
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into (5), the causal Green function S¢(z,y) will have the
following reparametrized supersymmetric path integral
representation:

o) = (- mr®) 3 oo (1755 ) [ axa [ Do

X/Dp/D/\/DT(')\/ 1'%
v (0)+%(1)=0

A
X exp {1/ [71'2 —m? + 2ise (F,, wrp") )
0

Fpi 4 mAA — iwnw'"} dr+wn(1)w(0)}

0=0
(14)

We call this form a global representation for the causal
Green function. These path integral representations are
applied successfully to solve many relativistic problems
[9-16]. In the next section, we give an exact calculation
of the Green function S¢(z,y) for the case of the step
potential.

3 Exact calculation

Let us now go to the exact calculation of the Dirac and
Klein—Gordon Green function G¢(z, y) relative to the step
potential (e Ay = eVpé(x), Vo > 0 and A =0), where

z >0,

15
z <0. (

~

The Green function G¢(z,y) can be expressed as follows:
o E . ~
Gitg) = [ [ GEe RN X G, ).
0 '/T
(16)

where the function Q%(a:,y,)\) is given only in terms of
bosonic trajectories

Sz, y, A /D:r /Dp /Dp xexp{/ dr

[0~ o) (@ )|}
(17

~—

and the factor Rs(\) is given by

Rs(A) = (—i)exp (iﬁn&%» /mo) (1) 99@
B (1=

xexp{ [2ise (F, wr0*) ) — i@, 0] dr
PO T+ (127(0) oo - (18)

First, we start by integrating Rs(\) over the Grassmann
¥ variables. In order to eliminate the boundary conditions
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Un(1)+%"(0) = 0", we pass to velocity space after the
variable change Y™ (1) into the new variable w™(7) defined
by

1

A n
W"(T)Z_/(; e(r— 7') ()dT—F%

; (19)

Notice that the velocity w(7) is a Grassmann variable and
is now free from the boundary conditions. Moreover, fol-
lowing this transformation, we get

1
/@w exp {— §w"€wn + gw“a}',waw” —ed" Fpew”

e A
—69#91/.7:[“,} = exp { —/ dé/ dr (Floj:lo)
0 0

A
— tanh (e/ dT]:l()(T)> 9100} 7 (20)
0
where
= —69”.7:1;#6 , [’AW = Nuv€ — 65-7:#1)5 y (21)
and
—1 . .
L., 11S th(i ;nverse of L., (22)
L =5el, ¢

Using the results of Appendix A, we get

cosh <6V0 /A o(x) d’T)
0

Rs(\) = (—i) exp (W"%)

A
— 6 6%sinh <6V0/ o(x) d’T) (23)
0
Applying the identity
n 6 10
exp (w W) 070" |p=0 = 51 550 exp (17"6n) o
=—3513°. (24)

We thus find

Gi(z,y) = —1/d)\0/D:r/

xexp{/o [2( )2 1 eV (— 2p0—|—eV00(x))} df}

X lcosh (eVo /0/\ 5(x)d7'>

1p0TM()\) 1)\(pg_m2)

A
+4' 4%sinh (eVo / () drﬂ ; (25)
0
the measure M () is defined by
A) = / Dple-ifo@H?dr (26)
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Writing

cosh (eVo //\ o(x) d7'> ,sinh (eVo //\ o(x) d7'>
0 0

in the exponential form, the Green function G¢(z, y) can be
expressed as follows:

G(z,y) =Gt +G + (3G -G7), (27)

where the related Green functions G+ and G~ are respec-
tively defined by

/d/\o/D /dpo (Ve

6 e 2m eviote)

ipOTei)\(p%—m2)

X exp

— iseV05(x)} dT] ) (28)

/d/\o/D /dpo (Ve

{36 e ok etati)

ipOTei)\(p%—m2)

X exp

+iseVpd(x)} dT] . (29)

The path integral expressions (28) and (29) correspond re-
spectively to a physical system for which the Hamiltonian
is given by

H=Hy+tW, (30)
and
1
Hy = 5(g'c1)2 +eVo(—2po +eVof(x))
W =esVpdé(x). (31)

This is a solvable path integral and has been already
treated in non-relativistic quantum mechanics. In the gen-
eral case, it is difficult to set up a direct calculation that
yields an exact result for a general scalar potential and
we can then proceed to the WKB approximation or an
instanton technique. For our case, we turn to the perturba-
tion method because of the presence of a delta distribution
potential.

3.1 Perturbation method

As usually done [27], let us develop G and G in a per-
turbation series by expanding the exponential of eV (z) as
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a power series; we obtain

3 o o Ao
A tn to
x {K(wb,xa,)\)—f—Z(evo)"/ d)\n/ / d\
=1 0 0 0

X H daj K (24, 21)0(z1) K (21, z2)

J=1
Xd(x2) - 0(xn) K (xp,2a)}, 0< A <Agee- <A,
(32)
and
Gy = _i/dAo/le/@eipoT A (#5-m?)
8 2 2
00 A tn to
(Tp, Tay A evg)” d/\n/ / dA
Jatonsn S [lan [ [on
N
H K (2q,21)d(21) K (21, 22)

X5($2)"'5(1’n)K(1’b,1’a)}. 0< A <Ag-- <A,
(33)

where K (xp,xq,A) is expressed by the following expres-
sion:
/ Dz M (X

X exp l /0 ((x2)2 +eV0(—2po+eVo)9(x)> dT] .
(34)

.’ﬂb,xa,

Let us remark that
—+o0
i / dXge NP~
0

where g%¢ (24, 24, p°) is the Klein-Gordon Green function
relative to the step potential; for example for £ > m we
have

2
m )K(Jib,l’a,)\) :gKG (l’b,l’a,po) )
(35)

71772 —iri(zp+aa)
71+ 172
Te <0, p, <0,

1 ; _
— |eirtlzs—zal 4
T1

el(r27p—T1%a) ,

r1+179
Tq <0, T, >0,

KG (l’byl’mpo): 1

g .
= eTimmp—raza)

b
r1+17o

ze >0, T, <0,
~ e 1772 ira(aptaa)
T r1+72

Tg >0, T, >0,

irglzy—za| _

(36)
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and

r = E2—m2,
E—eVp)2—m?2 forE—eVp >0,

Y RVAt
N {—«/(E—eVo)Q—m2 for E—eVp > 0.

Inserting (35) and (36) into (32) and (33), now following
the perturbation method [28—30], we get the following
Green function form:

Gt = 1/@eiz)oT {g"C (zp, 2a, p°)

2 2
g%C (3, 0,p°) g% (0, 24,°) (38)
1—g¥G(0,0,p%)(eVo) ’

(37)

+(esVp)

and

~ dp ;
Gs = 2/ 27_(_0 poT{gKG (wbyxaapo)

KG (l‘b, Ovpo) gKG (07 xavpo) (39)
1+¢56(0,0,p%)(eV0) [

g

—(esWp)

Let us choose AT and A~ as follows:

=G +Gy,
A7 =G -G5 . (40)
This implies
dpo (7‘1 —|—7‘2)2
A+ _ 1p0T KG . 0
s / ot g (xb7$ D ) (Tl —|—T‘2)2 — (65%)2
- dpo ipor ka oy _ (esVo)(ri+r2)
Ay = ——e'P0 a
s / o I (22, a,°) (r1+72)% — (esVp)?
(41)
Inserting these results in (27), we have
Gelx,y) = Ge(p, 20, T) = A + (71502 A7 . (42)

The result of S¢(z, y) will then be

_ a 8 s (2s)
Sg(xbvxavT):{ 3T+w 3——7 eVl (xp) — m'y}

></ (;Z;TO elPoT gKG (mb,xa,po) , (43)
where
3¢ (wb,waypo) = (r1 +7(n23;__riis%)2
X [(rl +72)+ (7'4°eVh) (28)}
x gK& (xb,xa,po) . (44)

In order to determine the wave functions, it is convenient to
write GG (xy, 4, p°) in the integral form in which the con-
ditions on F, xp and z, become implicit. That can be done
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using the residue theorem [31, 32):
~ 1 []KG(ZL’b Ta, k Ek)
KG s y Lay vy
as dk Y
g7 (o0 2a”) = 55 }'{ PZ—E?
(©)
(45)

where (C') stands for a closed contour in the complex plane
k, and §%C(zy, x4, k, E,) is given by

gEG(xbaxaa k»Ek)

. (k+K) / <120 (2s)
~ (E+E)2— (esVp)? [(k:—!—k:)—!—('y 7'eV) }
: {9<wb>9<—xa) e ihes
2k ik/zq—ikz
+9(—$b)9($a)me b
k: —i xr x k: k k 1 xr xr
—|—9(£L’b)9(ira) <ye K (zy—za) _ k/k_l,_k/ ik (zy+ a)>
kEk—F
+0(—x)0(—xq) (e‘ (@=2za) 4 — W _‘k("’:”x“)) }
(46)
In this case, we have (see (46))
B, =Vk%2+m? ,
o [VEC TG, E-ey >0,
—/(Br —eVob(x3))2 —m?,  Ej—eVp <0;
(47)
thus, S¢(zp, 4, T) will take the following form:
S(2p, 24, T) =
1 (.40 o (2¢)
2—7“{ aT +1'Y Dzr 7 ’)’Oev()e () _m75}
dpo e‘poT 2k iK'z, —ikzq
]{dk e {9%)9( ro) e
2k ik'zq—ikx
+9(—$b)0($a)m b

kk—FK (o +aa)
kk+ k:’

kk—K 71k(wb+wa) )
k' k—|—k’

(48)

k
+9($b)9($a) (k_elk (zp—za) _
T 6(—)B(—z,) (e”“mw E
Let us change pg by —py and integrate by treating sepa-

rately the cases T' > 0 and T' < 0. Considering the integral
of the contour in the complex plane E},, one obtains

f de e*iPOT |: 1 _ 1 :|
2Ey po—Er  po+ Ex

(©)

(49)
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where (C) is a contour and Ej = vk?+m? —ie. Then
after integration we take the limit e — 0" and in order
to get the expression of the Green function S$(zp, 4, T),
it is convenient to introduce the energy variable instead
of the momentum variable k via the change of variable
E;, = Vk%Z+m?2. Then after straightforward calculations
and by applying the following transformation:

A =q,
(~1)®) S5 (wy, w0, T) = S5(z,y)(0°) ), (50)
we obtain SS(zp, 24, T) in the following matrix form:
1 Vo™ dE
S(an, 70, T) = 5 H/ .
«[pere BTl o-menas |
eV0+m dE
+{
eVp—m
o g, ot oy |}
Foo dE
+{ —=
V0+m
e g, comena ]
(51)
where
g = [(h+1) + (o)) et
() () (+) ()
(wl(s)—>wl(s) -V (s)(—wl(s) ) ’
958 = [(k+ ) + (1) eV
(=) (=) (=) (=)
(Wl(s)ﬂwl(s) v (S)le(s) ) : (52)

g5 and gKC have the same | form as gK¢, and g§¢ and
g5% have the same form as ¢ with &’ taking the following
values:

V(Br —eVob(zp))2 —m?2  fork €0, ko],

i\/m2 — (B —eVob(zp))?  for k € [ka, k1],

—/ (B — eVob(xp))2 —m?2  for k € [k, +00].
(53)

K =

Let us take into account the different &’ values to obtain the
general form of the wave function.

1. First, we have the left-propagating case with positive

energy:
+ _ (k+ k)
Ws(—)>(x) - (k+k/)2 _ (68‘/())2

Tefik’a:]U(2s) (.CIJ) -
(54)

[0(—z)(e*® + Re~ k) 1+ 0(x)
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2. Second, we have the right-propagating case with posi-
tive energy:

(k+K")
N D) = Gy — (VP
X [9(.%‘) %(eik/w - Re*ikl“’) —O(—z)Te k| U (1),

(55)
3. Next the left-propagating case with negative energy:

(k+K")
ik —(esvy DD
+ H(x)T*eik/””]V@s) (z).

Ws(i(x) — 7ilca:_|_R*eika:)

(56)

4. Finally, we have the right-propagating case with nega-
tive energy:

N (2%
T B — (esVo)?
% [9(.(13) %(efik’a: . R*eik’z) o 9(—3})T*eikw V(2s) (CL‘) 7
(57)
with R = KK — VR o ETT 2 and

%8 _ \/E —eVob(xp)+m (22)
ut )(x)_<i\/Ekk—e‘29(a:l;)— ) ’
(25)

_"v . (58)

s _ —i\/E —eVol(zp)
ve )(a:) n ( \/Ekk— eVOO(xb)b—Fm

The non-relativistic limit. Let us now go to the non-
relativistic limit of the spin 0 Green function case. In the
limit s — 0, the Green function (46) transforms into the K—
G Green function (36), where

E=4/r?+m2 and (E—evy)=1/r3+m2 (59)

and for the non-relativistic limit, we develop (59)

2
E=m?/1 + 5 L m+ ,
2m 2 (60)
(E—evg) = 1+7~m+2m,
and choose € and €’ as
E_ r?
( m) = 2m -2 (61)
e = (E —evy) —m =~ 3=
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Inserting (60) and (61) into (46) we obtain

G(zp, x4a)
1 : _ M —To _;
=0(—1)0(—x4)— iri(zp—za) . 11 "2 —iri(zp+za)
( 7o) ( v )7'1 [e +7‘1+Tze
1. _ ri—Try -

0 O(x,)— irg(zp—za) _ 11— 72 jira(zp+aa)
+60(zp)0(x )r2 [e r1+7‘ge
Foe0l—za)— [ermons]

r1+7r2
1 .

0(— 0 " —i(rizp—raza) ) 2

FO(m)(aa) e ] (62)

This is a non-relativistic expression limit for the Klein—
Gordon Green function, and it is identical in form to that
of the Schrédinger one [28-30].

4 Pair-creation probability

In this section, we calculate the pair-creation probabil-
ity for relativistic particles subject to the step potential
i.e. (15) for spin 0 and 1/2, using respectively the Klein—
Gordon and Dirac Green functions S¢(zp,z,,T), calcu-
lated in the previous section.

4.1 Spin 0

Projecting the Klein-Gordon Green function S§(xp, z,) on
an outgoing particle and anti-particle states, we obtain the
scalar pair-creation amplitude A(k, k') as follows:

0" Ty () Ty G (20, Ta) Das Wt (0)
(63)

Ak, k') = i/ do
X

Z‘/

where X(X') is the worldline of an observer of an (anti-)
particle, do is the element of the hypersurface, and

T-7-9.

We can choose the following wave functions ¥, and ¥, in
the Klein—-Gordon (spin 0) case [33,34] in one spatial di-
mension relative to the step scalar potential (15):

(64)

1 ikx 1 —ikzx
it | S TTEe T S0,
Y(z,t)=e 1 ik’ (65)
S%e '(/Jq y x > 0,

where r = Z‘—Z: and s = Qﬂ, with k =V E? —m?2 and
k' =+/(Ex—eVp)? —m?2.

We now insert (65) and (51) into (63), and we obtain
the amplitude for pair creation A(k,k'). Now A(k, k') can
be reduced to the following form:

Ak, k) =86(E—E)6*(k—k)S(k), (66)
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where the particle is in the state (E’,k’) and the anti-
particle in the state (E, k); one can write down the one-
pair-creation probability as follows:

Pk, k) :/|A(k,E,k’,E’)|2dE’dk:’
:/|5(E—E’)52(k—k’)S(k)FdE’dk’. (67)

Here the normalization is found by assuming that for
each mode there exists an implicit delta function, which
is a delta function squared, and one employs the usual
trick [33, 34]:

™

and let us do the same thing for the second 62 in order to
have the absolute probability for one-pair creation, since
d in (67) comes from energy conservation. As a result, we
obtain the one-pair-creation probability P(k, k') per unit
time as follows:

P(k,k') =|S(k)[*
_ AEE
(kK2
As a result, we obtain the overall probability for pair cre-
ation and see that

(69)

(70)

k—k\?
PO(kvk/):l_P(kvk/): (k—Fk')

is the probability that the vacuum remains a vacuum in the
presence of the high barrier potential.

We then observe that the expressions (69) and (70) are
identical in form to those for their Klein—Gordon trans-
mission and reflection coefficients. Now, we are ready to
evaluate the related reflection and transmission coefficients
and to show that by this path integral treatment of pair
creation by the step potential the Klein paradox persists in
the case of spin 0, if

a) R+T =1foreVp+m < Ej < o0,

b) R=1and T =0 foreVy—m < E, <eVyh+m,

¢) R—T =1 for m < Ej <eVy—m, which is the well-
known Klein paradox.

We noted next that this result obtained with the Klein—
Gordon expression is exactly the same as those obtained
by [33—35] in the scalar step potential.

4.2 Spin 1/2

Projecting the spin 1/2 Green function Sy, (3, a) on an
outgoing particle and anti-particle state, we obtain the
pair-creation amplitude A(k, k’), where the Pauli principle
rigorously changes the normalization as follows:

Ak 1) = i / do / o'y (2)7°S% 1 (2, 70)1 B ()
b !
(71)
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where X' (X") is the worldline of an observer of an (anti-)
particle, and do is the element of the hypersurface. We can
choose the following wave functions ¥y, and ¥ in the Dirac
(spin 1/2) case [33, 34] in one spatial dimension relative to
a step scalar potential (15):

1 _ikz 1 —ikzx
Y(z t):eiEt{We Yptr e Yp, <0,

sﬁeik/wd}q , x>0,
(72)
where
kR 2VER
k+k’ K4k’
/
k:L, k= k .
E+m E—eVp+m

k and k' have the same form as in the scalar case and we

defined
X X
s () w= ()
Sl T et - @

The particle is in the state (F’, k) and the anti-particle in
the state (E, k). We now insert (72) and (51) for spin 1/2
into (71) and according to the same steps of calculating the
probability for pair creation (spin 0), one will have the pair-
production probability related to spin 1/2:

P(k, k') =[S (k)*
AkK'
= BT (74)

This last expression was obtained with the Dirac Green
function coinciding exactly with the Dirac ones [36—38].
We observe that the expressions for the pair-creation prob-
ability for Dirac particles are identical in form to those for
their Dirac transmission coefficient analogues and if we re-
move the effect of the spin 1/2 term (eVp) from the above
relation, (74), we find the reflection coefficient of the spin 0
case [33, 34]. We can also show that the Klein paradox per-
sists by this treatment of pair creation in the spin 1/2 case
and we can note that the same discussion as in the spin 0
case can be also obtained for the spin 1/2 particle; however,
in the case of the Dirac particle, the density is a probability
density and cannot be a charge density.

5 Conclusion

In this paper, we used the reparametrized supersymmetric
formalism to calculate the Green function for the relativis-
tic particle, with spin 0 and 1/2, in the presence of the step
potential. This example is very illustrative but is also im-
portant in showing the properties of inhomogeneous fields.
The calculations for spin 0 and 1/2 are unified. An explicit
expression for the Polyakov spin factor is deduced. The
Green functions are explicitly calculated and the presence

R. Rekioua et al.: Path integral treatment of pair creation by the step potential

of the step gives rise to a correction of the delta poten-
tial in the spin -field coupling. The Green function in the
presence of the step corrected by this delta potential is
calculated using the perturbation technique. The corres-
ponding positive- and negative-energy states are obtained.
The pair-creation probability in this potential is correctly
calculated. This ensures that our first Green function cal-
culations are correct. The method can be extended to more
general solvable spatially inhomogeneous cases. For the
latter, we can apply the WKB approximation or instanton
techniques to have some information on the pair-creation
phenomenon. This is under consideration.

Appendix : Inverse matrix L;”} (7, 7)

In the case of the step potential, £} (7, 7) and I'ng(7, 7)

are given by (22). We introduce a new matrix {2,4(7, 7) as
follows:

A
Qaﬁ(T,T’):/ e(r—m)LoA(m, A)dr . (A1)
0

To get the function [,g (7, 7) we write

Fop(r, #) = %/OA Dup(r,s)e(s—F)ds. (A2)
In our case
LT, 7) =e(T—T)Nu
—e/A e(r—0) F (1)e(m — 7)drs -
’ (A3)

Now we have

A
/0 Lo (r,$)(L9) V(5. 7) = 606(r— 7). (A.4)

Therefore,

A L
/0 ds |:€(’7' —8)L,5(5,7)

— 6/0 drie(r —11) Fpuo(m1)e(mi — s) (Cé)fl (s,7)

= 050 (7 — 7). (A.5)
Substituting (A.1) into (A.5) we obtain
~ A ~
Qps(r,7) —e / drye(r — 1) Fyuo (1) 24 (1, )
0
= Nupd (T — 7). (A.6a)

This equation is equivalent to the differential equation

do(r—1)
o
(A.6Db)

dQ,s(7,7)

e — 26.7:#1,(7')(}5 (1,7) =nus
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with the initial condition

A
Pup(0,7) e / ArF (1) 25 (1, 7) = 058 (7).
0

(A.7)
Inserting the general solution
Q(T’ 7") = e26 fo‘r dTlf(Tl)é(T’ 7’-) (A8)
into (A.6b), we get
i(s,7) = / o2 S5 anF ) O 5 nar o).
0 or
(A.9)

In this way

Qr,7) = e2¢J0 AT TO[E(1) — §(£)] 4 8(r — 7)
_’_26.7:-(7/_)0(7_ _ 7’_)6726 fo7£ dTl]-'(‘rl)eQe f(;r dr1F(71) ,
(A.10)

and using the initial condition (A.7), taking into account

2,3(0,7) = &(7), we obtain

6 =0 = e oy T, (A
where

V(A = e dnF(n) (A.12)

V) = e 2 fo dnF ()| (A.13)

Substituting (A.11) into (A.10), writing

Q(r, 1) =86(r—F)+eV(7)

e(r —7) — tanh (e /A dTl}"(Tl)>
0

xVTHHF(F),
and substituting (A.14) into (A.2), we obtain

X

(A.14)

A
I'(r,7)= %V(T) e (r—7F)—tanh (e/ dTlf(T1)>]
0
xV7(#). (A.15)
According to (A.1), we get
IV 18(?(7, 7)
L) = 2 Or

(A.16)
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