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Abstract. In this paper, we use a formalism including supersymmetry to calculate the Green function for
the spinning relativistic particle in the presence of the step potential. This is an example of one of simple
but fundamental inhomogeneous fields. We obtain an explicit expression of the Polyakov spin factor and the
presence of the step gives rise to a correction of a delta potential in the spin–field coupling. The calcula-
tion is done using the perturbation technique. The corresponding positive- and negative-energy states are
obtained. This Green function is used to evaluate a pair-creation probability in this potential.
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1 Introduction

The phenomenon of pair creation by a classical electro-
magnetic background was first studied by Schwinger [1]. In
his famous paper, the probability of the vacuum–vacuum
transition in a constant electromagnetic background is cal-
culated in terms of the imaginary part of the effective
Lagrangian, and the appearance of an imaginary part in
the effective action is associated to an instability of the
vacuum caused by the pair creation corresponding to a
quantum field effect. Recently, the phenomenon of pair cre-
ation from strong background fields, which is related to
the known Klein paradox, attracted some attention in the
case of various field configurations and the more realistic
external and solvable case of fields, non-uniform and non-
homogeneous, are important and are of great interest in
the non-perturbative treatment of this phenomenon find-
ing applications from particle physics to cosmology [2, 3].
Many different methods, based on the solution of the wave
equations [33, 34], the solution of the Heisenberg equa-
tions [4] or an exact calculation of relative Green func-
tions [1, 5, 6] have been developed to study pair creation in
external fields. In the latter case, the proper time method
is used to express the propagator as a Feynman path in-
tegral [7, 8]. This is also known as the spinning worldline
path integral formulation. This is a supersymmetric model
using commuting variables and anti-commuting variables
such as Grassmann variables and attempts to combine
relativistic invariance and the discrete nature of spin re-
quired by relativity. This formalism was developed from
the calculation point of view in the case of concrete con-
figurations of external fields [9–16], which are a combina-
tion of a constant field and a plane wave field. The study
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of time dependent and spatially inhomogeneous electric
backgrounds is also of great interest in the applications.
Recently, the resolvent technique [17] has been applied
to a spatially inhomogeneous background. The numerical
worldline techniques [18] combine worldline discretization
with Monte Carlo techniques to develop an algorithm for
the computation of pair-creation rates in scalar QED for
inhomogeneous fields. Furthermore, different approaches
such as the WKB approximation [19, 20] and instanton
techniques [21] are also important in extracting informa-
tion on this pair-creation phenomenon.Worldline instanta-
neous techniques [22, 23] are extended to the non-uniform
and non-homogeneous cases by doing semiclassical non-
perturbative computations presenting a more explicit re-
sult for the situation of a time dependent electric field and
implicit results for the spatially inhomogeneous case.
Our aim in this paper is to use this supersymmetry for-

malism to calculate the Green function for the spinning
relativistic particle in the presence of the step potential.
This is an example of one of simple but fundamental in-
homogeneous fields. Then we calculate, using this Green
function, the pair-creation probability relative to the step
potential. This gives us the assurance that all our first cal-
culations are correct by extracting information on this pair
creation. The method can be extended to more general
solvable spatially inhomogeneous cases.
In Sect. 2, we present a review of the path integral rep-

resentation of the relativistic particle propagator, and we
unify the treatment for spin 0 and 1/2. For the latter case,
we use the global projection [24]. In Sect. 3, by integration
over spin variables we obtain an explicit expression for the
Polyakov spin factor. The presence of the step gives rise to
a correction of a delta potential in the spin–field coupling.
Therefore, we calculate the Green function in the presence
of the step corrected by this delta potential by using the
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perturbation technique. The corresponding positive- and
negative-energy states are obtained. In Sect. 4 we calculate
the pair-creation probability for the Dirac and the Klein–
Gordon equations relative to this step potential. We give
the results for Klein–Gordon particles as well as for Dirac
ones, where the exclusion Pauli principle changes the nor-
malization and, hence, the probability. Section 5 is devoted
to the conclusion.

2 Path integral formulation

The path integral for the relativistic spinning particle
propagator in interaction with an external electromagnetic
field was proposed by Fradkin–Gitman [25, 26]. In this sec-
tion, let us briefly recall the construction of this path in-
tegral representation. Multiplying the Dirac operator ( ˆ� π−
m) by the matrix γ5 (γ5 = γ0γ1γ2γ3), the relative propa-
gator will satisfy the following equation:

( ˆ� π−mγ5)S̃(x, y) =−δ4(x−y) , (1)

where S̃ = Scγ5, γ̃5 = γ5, γ̃µ = γ5γµ and [γ̃µ, γ̃ν ]+ = 2η
µν

with ηmn = diag(1,−1,−1,−1,−1) andm,n= 0, 3, 5.
Formally, S̃(x, y) is the matrix element in the coordi-

nate space of the inverse Dirac operator, namely

S̃(x, y) = 〈x|S̃|y〉 ,

with

S̃ = ( ˆ� π−mγ5)−1 =O−1 . (2)

The operator ( ˆ� π−mγ5) is a pure Fermi operator and
its square is a Bose type operator that can be represented
using the generalized Schwinger proper time representa-
tion:

S̃(x, y) =

∫
dλ

∫
dχ〈x| exp{i[λÕ2+χÕ]}|y〉 , (3)

where χ is an odd variable anti-commuting with γ̃-matrices.
This is known as a local projection. But there is another
simple projection known as global [24], where the operator
Õ does not evolve, and its role is to project along global
evolution the Klein–Gordon type states on the Dirac ones.
To construct the related path integral representation, we
define the propagator of the Dirac equation as a causal
Green function, S̃c(x, y), solution of the equation

( ˆ� π−mγ5)S̃c(x, y) =−δ4(x−y) . (4)

So

S̃c(x, y) = ( ˆ� π−mγ5)outG̃
c(x, y) , (5)

where

ˆ� π = γµπ̂µ (6)

and G̃c(x, y) is represented via the Schwinger proper time
method as

G̃c(x, y) =−i

∫
dλ〈x | e−iĤ(λ) | y〉 . (7)

To unify the study for spin 0 and 1/2, it is convenient to
write the HamiltonianH(λ) subject to the electromagnetic
interaction as follows:

Ĥs =−
(
π̂2−m2+ ise (Fµυγ̃

µγ̃ν)(2s)
)
, s= 0,

1

2
,

(8)

where we have adopted the following notation for any sym-
bol A:

(A)(2s) =

{
1 for s= 0 ,

A for s= 1/2 .
(9)

To present G̃cs(x, y) by means of a path integral we write,
as usual, exp(−iH(λ)) = [exp(−iH(λ)ε)]N , with ε= 1/N ,
and insert the N and (N +1) resolutions of the identity,∫
| x〉〈x | dx= I and

∫
| p〉〈p | dp= I, between all the op-

erators exp(−iH(λ)ε). Introducing the N additional inte-
grations, which ensure the reparametrization invariance of
the theory,

∫
dλkδ(λk−λk−1) = 1, we get

G̃cs(x, y) = lim
N→+∞

(−i)

∫
dλ0

∫
dλ1

∫
· · ·

∫
dλN+1

×

∫
dx1

∫
· · ·

∫
dxN

N+1∏
k=1

〈xk | e
−iĤs(λk)∆τ

| xk−1〉δ(λk−λk−1) . (10)

For these δ-functions we use the integral representation

δ(λk−λk−1) =
1
√
2π

∫
eiπλ(λk−λk−1) dπk (11)

and replace the Dirac matrix by the Grassmannian trajec-
tories following the functional identity:

T exp

{∫ λ
0

ρn(τ)γ̃
n dτ

}
|ρ=0

= exp

(
iγ̃n

δ

δθn

)∫
Ψ(0)+Ψ(1)=θ

DΨ exp

×

[∫ λ
0

(
ΨnΨ̇

n−2iρnΨ
n
)
dτ +Ψn(1)Ψ

n(0)

]∣∣∣∣∣
ρ=0

θ=0

,

(12)

where the measureDΨ is given by

DΨ =DΨ

[∫
Ψ(0)+Ψ(1)=θ

DΨ exp

(∫ 1
0

ΨnΨ̇
ndτ

)]−1
,

(13)

and θµ and Ψµ are Grassmannian variables, anti-commu-
ting with the γ-matrices. Finally inserting the result
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into (5), the causal Green function S̃cs(x, y) will have the
following reparametrized supersymmetric path integral
representation:

S̃cs(x, y) = (−i)( ˆ� π−mγ
5)
(2s)
out exp

(
iγ̃n

δ

δθn

)∫
dλ0

∫
Dx

×

∫
Dp

∫
Dλ

∫
Dπλ

∫
Ψ(0)+Ψ(1)=θ

DΨ

× exp

{
i

∫ λ
0

[
π2−m2+2ise (FµυΨ

µΨν)
(2s)

+pẋ+πλλ̇− iΨnΨ̇
n
]
dτ +Ψn(1)Ψ

n(0)
}∣∣∣∣∣
θ=0

.

(14)

We call this form a global representation for the causal
Green function. These path integral representations are
applied successfully to solve many relativistic problems
[9–16]. In the next section, we give an exact calculation
of the Green function S̃cs(x, y) for the case of the step
potential.

3 Exact calculation

Let us now go to the exact calculation of the Dirac and
Klein–Gordon Green function Gcs(x, y) relative to the step
potential (eA0 = eV0θ(x), V0 > 0 andA=0), where

θ(x) =

{
1, x > 0,

0, x < 0.
(15)

The Green function Gcs(x, y) can be expressed as follows:

Gcs(x, y) =

∫ ∞
0

dλ

∫
dE

2π
e−iE(x−y)Rs(λ)×G̃

c
E(x, y, λ) ,

(16)

where the function G̃cE(x, y, λ) is given only in terms of
bosonic trajectories

G̃cE(x, y, λ) =

∫
Dx1

∫
Dp0

∫
Dp1× exp

{
i

∫ λ
0

dτ

×

[
1

2
(ẋ1)2+

(
p0− eV0θ(x)

)2
− ((p1)2+m2)

]}
,

(17)

and the factor Rs(λ) is given by

Rs(λ) = (−i) exp

(
iγ̃n

δ

δθn

)∫
Ψ(0)+Ψ(1)=θ

DΨ

× exp
{[
2ise (FµυΨ

µΨν)
(2s)− iΨnΨ̇

n
]
dτ

+ ip0T +Ψn(1)Ψ
n(0)

}
|θ=0 . (18)

First, we start by integrating Rs(λ) over the Grassmann
Ψ variables. In order to eliminate the boundary conditions

Ψn(1)+Ψn(0) = θn, we pass to velocity space after the
variable change Ψn(τ) into the new variable ωn(τ) defined
by

Ψn(τ) =
1

2

∫ λ
0

ε(τ − τ́)ωn(τ́)dτ́ +
θn

2
. (19)

Notice that the velocity ω(τ) is a Grassmann variable and
is now free from the boundary conditions. Moreover, fol-
lowing this transformation, we get

∫
Dω exp

{
−
1

2
ωnεωn+

e

2
ωµεFµυεω

ν− eθµFµυεω
ν

− eθµθνFµυ

}
= exp

{
−

∫ e
0

dé

∫ λ
0

dτ
(
Γ 10F10

)

− tanh

(
e

∫ λ
0

dτF10(τ)

)
θ1θ0

}
, (20)

where

Iµ =−eθ
νFυµε , Lµν = ηµνε− eεFµυε , (21)

and {
L−1µν is the inverse of Lµν ,

Γµν =
1
2εL

−1
µν ε .

(22)

Using the results of Appendix A, we get

Rs(λ) = (−i) exp

(
iγ̃n

δ

δθn

)[
cosh

(
eV0

∫ λ
0

δ(x)dτ

)

− θ1 θ0 sinh

(
eV0

∫ λ
0

δ(x)dτ

)]
. (23)

Applying the identity

exp

(
iγ̃n

δ

δθn

)
θ1θ0|θ=0 =

δ

δξ1
δ

δξ0
exp (iγ̃nξn)

∣∣∣∣
ξ=0

=−γ̃1γ̃0 . (24)

We thus find

Gcs(x, y) = (−i)

∫
dλ0

∫
Dx1

∫
dp0

2π
eip0TM(λ)eiλ(p

2
0−m

2)

× exp

{
i

∫ λ
0

[
1

2
(ẋ1)2+ eV0(−2p0+ eV0θ(x))

]
dτ

}

×

[
cosh

(
eV0

∫ λ
0

δ(x)dτ

)

+ γ̃1 γ̃0 sinh

(
eV0

∫ λ
0

δ(x) dτ

)]
; (25)

the measureM(λ) is defined by

M(λ) =

∫
Dp1e−i

∫ λ
0 (p

1)2 dτ . (26)
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Writing

cosh

(
eV0

∫ λ
0

δ(x)dτ

)
, sinh

(
eV0

∫ λ
0

δ(x)dτ

)

in the exponential form, the Green function G̃c(x, y) can be
expressed as follows:

G̃c(x, y) = G̃++ G̃−+(γ̃1γ̃0)(2s)(G̃+− G̃−) , (27)

where the related Green functions G̃+ and G̃− are respec-
tively defined by

G̃+s =
−i

2

∫
dλ0

∫
Dx1

∫
dp0
2π
M(λ)eip0T eiλ(p

2
0−m

2)

× exp

[
i

∫ λ
0

{
1

2
(ẋ1)2+ eV0 (−2p0+ eV0θ(x))

− iseV0δ(x)

}
dτ

]
, (28)

G̃−s =
−i

2

∫
dλ0

∫
Dx1

∫
dp0
2π
M(λ)eip0T eiλ(p

2
0−m

2)

× exp

[
i

∫ λ
0

{
1

2
(ẋ1)2+ eV0 (−2p0+ eV0θ(x))

+iseV0δ(x)} dτ

]
. (29)

The path integral expressions (28) and (29) correspond re-
spectively to a physical system for which the Hamiltonian
is given by

H =H0±W , (30)

and

H0 =
1

2
(ẋ1)2+ eV0(−2p0+eV0θ(x))

W = esV0δ(x) . (31)

This is a solvable path integral and has been already
treated in non-relativistic quantum mechanics. In the gen-
eral case, it is difficult to set up a direct calculation that
yields an exact result for a general scalar potential and
we can then proceed to the WKB approximation or an
instanton technique. For our case, we turn to the perturba-
tion method because of the presence of a delta distribution
potential.

3.1 Perturbation method

As usually done [27], let us develop G̃+s and G̃
−
s in a per-

turbation series by expanding the exponential of eV (x) as

a power series; we obtain

G̃+s =
−i

2

∫
dλ0

∫
Dx1

∫
dp0
2π
eip0T eiλ(p

2
0−m

2)

×

{
K(xb, xa, λ)+

∞∑
n=1

(ev0)
n

∫ λ
0

dλn

∫ tn
0

· · ·

∫ t2
0

dλ1

×
N∏
J=1

dxjK(xa, x1)δ(x1)K(x1, x2)

×δ(x2) · · · δ(xn)K(xb, xa)} , 0< λ1 < λ2 · · ·< λ ,

(32)

and

G̃−s =
−i

2

∫
dλ0

∫
Dx1

∫
dp0
2π
eip0T eiλ(p

2
0−m

2)

×

{
K(xb, xa, λ)−

∞∑
n=1

(ev0)
n

∫ λ
0

dλn

∫ tn
0

· · ·

∫ t2
0

dλ1

×
N∏
J=1

dxjK(xa, x1)δ(x1)K(x1, x2)

× δ(x2) · · · δ(xn)K(xb, xa)

}
. 0< λ1 < λ2 · · ·< λ ,

(33)

where K(xb, xa, λ) is expressed by the following expres-
sion:

K(xb, xa, λ) =

∫
Dx1M(λ)

× exp

[
i

∫ λ
0

(
(ẋ1)2

2
+ eV0(−2p0+ eV0)θ(x)

)
dτ

]
.

(34)

Let us remark that

−i

∫ +∞
0

dλ0e
iλ(p20−m

2)K(xb, xa, λ) = g
KG

(
xb, xa, p

0
)
,

(35)

where gKG
(
xb, xa, p

0
)
is the Klein–Gordon Green function

relative to the step potential; for example for E >m we
have

gKG
(
xb, xa, p

0
)
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

r1

[
eir1|xb−xa|+

r1− r2
r1+ r2

e−ir1(xb+xa)
]
,

xa < 0, xb < 0 ,
1

r1+ r2
ei(r2xb−r1xa) ,

xa < 0, xb > 0 ,
1

r1+ r2
e−i(r1xb−r2xa) ,

xa > 0, xb < 0 ,
1

r2

[
eir2|xb−xa|−

r1− r2
r1+ r2

eir2(xb+xa)
]
,

xa > 0, xb > 0 ,

(36)
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and

r1 =
√
E2−m2 ,

r2 =

{√
(E− eV0)2−m2 for E− eV0 > 0 ,

−
√
(E− eV0)2−m2 for E− eV0 > 0 .

(37)

Inserting (35) and (36) into (32) and (33), now following
the perturbation method [28–30], we get the following
Green function form:

G̃+s =
1

2

∫
dp0
2π
eip0T

{
gKG

(
xb, xa, p

0
)

+(esV0)
gKG

(
xb, 0, p

0
)
gKG

(
0, xa, p

0
)

1− gKG(0, 0, p0)(eV0)

}
, (38)

and

G̃−s =
1

2

∫
dp0
2π
eip0T

{
gKG

(
xb, xa, p

0
)

− (esV0)
gKG

(
xb, 0, p

0
)
gKG

(
0, xa, p

0
)

1+ gKG(0, 0, p0)(eV0)

}
. (39)

Let us choose∆+ and∆− as follows:

∆+s = G̃
+
s + G̃

−
s ,

∆−s = G̃
+
s − G̃

−
s . (40)

This implies

∆+s =

∫
dp0
2π
eip0T gKG

(
xb, xa, p

0
) (r1+ r2)

2

(r1+ r2)2− (esV0)2
,

∆−s =

∫
dp0
2π
eip0T gKG

(
xb, xa, p

0
) (esV0)(r1+ r2)

(r1+ r2)2− (esV0)2
.

(41)

Inserting these results in (27), we have

G̃cs(x, y) = G̃
c
s(xb, xa, T ) =∆

+
s +(γ̃

1γ̃0)(2s)∆−s . (42)

The result of S̃cs(x, y) will then be

S̃cs(xb, xa, T ) =

{
iγ̃0
∂

∂T
+ iγ̃1

∂

∂xb
− γ̃0eV0θ(xb)−mγ

5

}(2s)

×

∫
dp0
2π
eip0T g̃KGs

(
xb, xa, p

0
)
, (43)

where

g̃KGs
(
xb, xa, p

0
)
=

(r1+ r2)

(r1+ r2)2− (esV0)2

×
[
(r1+ r2)+

(
γ̃1γ̃0eV0

)(2s)]

× gKG
(
xb, xa, p

0
)
. (44)

In order to determine the wave functions, it is convenient to
write g̃KG(xb, xa, p

0) in the integral form in which the con-
ditions on E, xb and xa become implicit. That can be done

using the residue theorem [31, 32]:

g̃KGs
(
xb, xa, p

0
)
=
1

2πi

∮

(C)

dk
g̃KGs (xb, xa, k, Ek)

P 20 −E
2
k

,

(45)

where (C) stands for a closed contour in the complex plane
k, and g̃KG(xb, xa, k, Ek) is given by

g̃KGs (xb, xa, k, Ek)

=
(k+k′)

(k+k′)2− (esV0)2

[
(k+k′)+

(
γ̃1γ̃0eV0

)(2s)]

×

{
θ(xb)θ(−xa)

2k

k+k′
eik
′xb−ikxa

+ θ(−xb)θ(xa)
2k

k+k′
eik
′xa−ikxb

+ θ(xb)θ(xa)

(
k

k′
e−ik

′(xb−xa)−
k

k′
k−k′

k+k′
eik
′(xb+xa)

)

+ θ(−xb)θ(−xa)

(
eik(xb−xa)+

k

k′
k−k′

k+k′
e−ik(xb+xa)

)}
.

(46)

In this case, we have (see (46))

Ek =
√
k2+m2 ,

k′ =

{√
(Ek− eV0θ(xb))2−m2 , Ek− eV0 > 0 ,

−
√
(Ek− eV0θ(xb))2−m2 , Ek− eV0 < 0 ;

(47)

thus, S̃c(xb, xa, T ) will take the following form:

S̃cs(xb, xa, T ) =

1

2πi

{
iγ̃0
∂

∂T
+ iγ̃1

∂

∂xb
− γ̃0eV0θ (xb)−mγ

5

}(2s)

×

∮

(C)

dk

∫
dp0
2π

eip0T

P 20 −E
2
k

×

{
θ(xb)θ(−xa)

2k

k+k′
eik
′xb−ikxa

+ θ(−xb)θ(xa)
2k

k+k′
eik
′xa−ikxb

+ θ(xb)θ(xa)

(
k

k′
e−ik

′(xb−xa)−
k

ḱ

k−k′

k+k′
eik
′(xb+xa)

)

+ θ(−xb)θ(−xa)

(
eik(xb−xa)+

k

k′
k−k′

k+k′
e−ik(xb+xa)

)}
.

(48)

Let us change p0 by −p0 and integrate by treating sepa-
rately the cases T > 0 and T < 0. Considering the integral
of the contour in the complex plane Ek, one obtains

∮

(C)

dp0
2Ek
e−ip0T

[
1

p0−Ek
−

1

p0+Ek

]

= 2πi(Sgn(C))
∑
Res. , (49)
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where (C) is a contour and Ek =
√
k2+m2− iε. Then

after integration we take the limit ε−→ 0+ and in order
to get the expression of the Green function S̃cs(xb, xa, T ),
it is convenient to introduce the energy variable instead
of the momentum variable k via the change of variable
Ek =

√
k2+m2. Then after straightforward calculations

and by applying the following transformation:

γ̃µ = γ5γµ ,

(−1)(2s)Scs(xb, xa, T ) = S̃
c
s(x, y)(γ

5)(2s) , (50)

we obtain Scs(xb, xa, T ) in the following matrix form:

Scs(xb, xa, T ) =
1

2π

[{∫ eV0−m
m

dEk
k

×
[
θ(T )e−iEkT gKG1(s)++ θ(−T )e

iEkT gKG1(s)−

]}

+

{∫ eV0+m
eV0−m

dEk
k

×
[
θ(T )e−iEkT gKG2(s)++ θ(−T )e

iEkT gKG2(s)−

]}

+

{∫ +∞
eV0+m

dEk
k

×
[
θ(T )e−iEkT gKG3(s)++ θ(−T )e

iEkT gKG3(s)−

]}]
,

(51)

where

gKG1+ =
[
(k+k′)+ (σ1)(2s)eV0

]

×
(
Ψ
(+)
1(s)−→Ψ̄

(+)
1(s)−→−Ψ

(+)
1(s)←−Ψ̄

(+)
1(s)←−

)
,

gKG1− =
[
(k+k′)+ (σ1)(2s)eV0

]

×
(
Ψ
(−)
1(s)−→Ψ̄

(−)
1(s)−→−Ψ

(−)
1(s)←−Ψ̄

(−)
1(s)←−

)
. (52)

gKG2+ and g
KG
3+ have the same form as g

KG
1+ , and g

KG
2− and

gKG3− have the same form as g
KG
1− with k

′ taking the following
values:

k′ =

⎧⎪⎨
⎪⎩

√
(Ek− eV0θ(xb))2−m2 for k ∈ [0, k2] ,

i
√
m2− (Ek− eV0θ(xb))2 for k ∈ [k2, k1] ,

−
√
(Ek− eV0θ(xb))2−m2 for k ∈ [k1,+∞] .

(53)

Let us take into account the different k′ values to obtain the
general form of the wave function.

1. First, we have the left-propagating case with positive
energy:

Ψ (+)s−→(x) =
(k+k′)

(k+k′)2− (esV0)2

[θ(−x)(eikx+Re−ikx)+ θ(x)T e−ik
′x]U (2s)(x) .

(54)

2. Second, we have the right-propagating case with posi-
tive energy:

Ψ (+)s←−(x) =
(k+k′)

(k+k′)2− (esV0)2

×

[
θ(x)

√
k

k′
(eik

′x−Re−ik
′x)− θ(−x)T e−ikx

]
U (2s)(x) .

(55)

3. Next the left-propagating case with negative energy:

Ψ (−)s−→(x) =
(k+k′)

(k+k′)2− (esV0)2
[θ(−x)(e−ikx+R∗eikx)

+ θ(x)T ∗eik
′x]V (2s)(x) . (56)

4. Finally, we have the right-propagating case with nega-
tive energy:

Ψ (−)s←− =
(k+k′)

(k+k′)2− (esV0)2

×

[
θ(x)

√
k

k′
(e−ik

′x−R∗eik
′x)− θ(−x)T ∗eikx

]
V (2s)(x) ,

(57)

with R= k+k
′

k−k′ , T =
2
√
kk′

k−k′ , k =
√
E2k+m

2 and

U (2s)(x) =

(√
Ek− eV0θ(xb)+m

i
√
Ek− eV θ(xb)−m

)(2s)
,

V (2s)(x) =

(
−i
√
Ek− eV0θ(xb)−m√
Ek− eV θ(xb)+m

)(2s)
. (58)

The non-relativistic limit. Let us now go to the non-
relativistic limit of the spin 0 Green function case. In the
limit s→ 0, the Green function (46) transforms into the K–
G Green function (36), where

E =
√
r21+m

2 and (E− ev0) =
√
r22+m

2 (59)

and for the non-relativistic limit, we develop (59)

⎧⎨
⎩
E =m2

√
1+

r21
m2
�m+

r21
2m ,

(E− ev0) =m2
√
1+

r22
m2
�m+

r22
2m ,

(60)

and choose ε and ε′ as

{
ε= (E−m)�

r21
2m ,

ε′ = (E− ev0)−m�
r22
2m .

(61)
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Inserting (60) and (61) into (46) we obtain

G(xb, xa)

= θ(−xb)θ(−xa)
1

r1

[
eir1(xb−xa)+

r1− r2
r1+ r2

e−ir1(xb+xa)
]

+ θ(xb)θ(xa)
1

r2

[
eir2(xb−xa)−

r1− r2
r1+ r2

eir2(xb+xa)
]

+ θ(xb)θ(−xa)
1

r1+ r2

[
ei(r2xb−r1xa)

]

+ θ(−xb)θ(xa)
1

r1+ r2

[
e−i(r1xb−r2xa)

]
. (62)

This is a non-relativistic expression limit for the Klein–
Gordon Green function, and it is identical in form to that
of the Schrödinger one [28–30].

4 Pair-creation probability

In this section, we calculate the pair-creation probabil-
ity for relativistic particles subject to the step potential
i.e. (15) for spin 0 and 1/2, using respectively the Klein–
Gordon and Dirac Green functions Scs(xb, xa, T ), calcu-
lated in the previous section.

4.1 Spin 0

Projecting the Klein–Gordon Green function Sc0(xb, xa) on
an outgoing particle and anti-particle states, we obtain the
scalar pair-creation amplitude A(k, k′) as follows:

A(k, k′) = i

∫
Σ

dσ

∫
Σ′
dσ′Ψ̄k(xb)

←→
∂xbS

c
0(xb, xa)

←→
∂xaΨk′(xa) ,

(63)

where Σ(Σ′) is the worldline of an observer of an (anti-)
particle, dσ is the element of the hypersurface, and

←→
∂ =

−→
∂ −
←−
∂ . (64)

We can choose the following wave functions Ψk and Ψk′ in
the Klein–Gordon (spin 0) case [33, 34] in one spatial di-
mension relative to the step scalar potential (15):

ψ(x, t) = e−iEt

{
1√
pe
ikx+ r 1√pe

−ikx , x≤ 0 ,

s 1√
p
eik
′xψq , x > 0 ,

(65)

where r = k−k′

k+k′ and s =
2
√
kk′

k+k′ , with k =
√
E2−m2 and

k′ =
√
(Ek− eV0)2−m2.

We now insert (65) and (51) into (63), and we obtain
the amplitude for pair creation A(k, k′). Now A(k, k′) can
be reduced to the following form:

A(k, k′) = δ(E−E
′
)δ2(k−k′)S(k) , (66)

where the particle is in the state (E′, k′) and the anti-
particle in the state (E, k); one can write down the one-
pair-creation probability as follows:

P (k, k′) =

∫
|A(k,E, k′, E′)|2dE′dk′

=

∫
|δ(E−E

′
)δ2(k−k′)S(k)|2dE′dk′ . (67)

Here the normalization is found by assuming that for
each mode there exists an implicit delta function, which
is a delta function squared, and one employs the usual
trick [33, 34]:

∫
dω

2π
[2πδ(ω−ω′)]2 =

∫
dt

∫
dω

2π
2πδ(ω−ω′) , (68)

and let us do the same thing for the second δ2 in order to
have the absolute probability for one-pair creation, since
δ in (67) comes from energy conservation. As a result, we
obtain the one-pair-creation probability P (k, k′) per unit
time as follows:

P (k, k′) = |S(k)|2

=
4kk′

(k+k′)2
. (69)

As a result, we obtain the overall probability for pair cre-
ation and see that

P0(k, k
′) = 1−P (k, k′) =

(
k−k′

k+k′

)2
(70)

is the probability that the vacuum remains a vacuum in the
presence of the high barrier potential.
We then observe that the expressions (69) and (70) are

identical in form to those for their Klein–Gordon trans-
mission and reflection coefficients. Now, we are ready to
evaluate the related reflection and transmission coefficients
and to show that by this path integral treatment of pair
creation by the step potential the Klein paradox persists in
the case of spin 0, if

a) R+T = 1 for eV0+m<Ek <∞,
b) R = 1 and T = 0 for eV0−m<Ek < eV0+m,
c) R−T = 1 for m < Ek < eV0−m, which is the well-
known Klein paradox.

We noted next that this result obtained with the Klein–
Gordon expression is exactly the same as those obtained
by [33–35] in the scalar step potential.

4.2 Spin 1/2

Projecting the spin 1/2 Green function Sc1/2(xb, xa) on an
outgoing particle and anti-particle state, we obtain the
pair-creation amplitude A(k, k′), where the Pauli principle
rigorously changes the normalization as follows:

A(k, k′) = i

∫
Σ

dσ

∫
Σ′
dσ′Ψ̄k(xb)γ

0Sc1/2(xb, xa)γ
0Ψk′(xa) ,

(71)
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where Σ(Σ′) is the worldline of an observer of an (anti-)
particle, and dσ is the element of the hypersurface. We can
choose the following wave functions Ψk and Ψk′ in the Dirac
(spin 1/2) case [33, 34] in one spatial dimension relative to
a step scalar potential (15):

ψ(x, t) = e−iEt

{
1√
pe
ikxψp+ r

1√
pe
−ikxψ−p , x≤ 0 ,

s 1√
p
eik
′xψq , x > 0 ,

(72)

where

r =
k̃− k̃′

k̃+ k̃′
, s=

2
√
k̃′k̃

k̃′+ k̃
,

k̃ =
k

E+m
, k̃ =

k′

E− eV0+m
.

k and k′ have the same form as in the scalar case and we
defined

ψ±k =

(
χ
±k
E+mχ

)
, ψk′ =

(
χ
k′

E−eV0+m
χ

)
. (73)

The particle is in the state (E′, k′) and the anti-particle in
the state (E, k). We now insert (72) and (51) for spin 1/2
into (71) and according to the same steps of calculating the
probability for pair creation (spin 0), one will have the pair-
production probability related to spin 1/2:

P (k, k′) = |S(k)|2

=
4kk′

(k+k′)2− (eV0)2
. (74)

This last expression was obtained with the Dirac Green
function coinciding exactly with the Dirac ones [36–38].
We observe that the expressions for the pair-creation prob-
ability for Dirac particles are identical in form to those for
their Dirac transmission coefficient analogues and if we re-
move the effect of the spin 1/2 term (eV0) from the above
relation, (74), we find the reflection coefficient of the spin 0
case [33, 34]. We can also show that the Klein paradox per-
sists by this treatment of pair creation in the spin 1/2 case
and we can note that the same discussion as in the spin 0
case can be also obtained for the spin 1/2 particle; however,
in the case of the Dirac particle, the density is a probability
density and cannot be a charge density.

5 Conclusion

In this paper, we used the reparametrized supersymmetric
formalism to calculate the Green function for the relativis-
tic particle, with spin 0 and 1/2, in the presence of the step
potential. This example is very illustrative but is also im-
portant in showing the properties of inhomogeneous fields.
The calculations for spin 0 and 1/2 are unified. An explicit
expression for the Polyakov spin factor is deduced. The
Green functions are explicitly calculated and the presence

of the step gives rise to a correction of the delta poten-
tial in the spin -field coupling. The Green function in the
presence of the step corrected by this delta potential is
calculated using the perturbation technique. The corres-
ponding positive- and negative-energy states are obtained.
The pair-creation probability in this potential is correctly
calculated. This ensures that our first Green function cal-
culations are correct. The method can be extended to more
general solvable spatially inhomogeneous cases. For the
latter, we can apply the WKB approximation or instanton
techniques to have some information on the pair-creation
phenomenon. This is under consideration.

Appendix : Inverse matrix L�1µν (τ, τ́ )

In the case of the step potential, L−1µν (τ, τ́) and Γαβ(τ, τ́)
are given by (22). We introduce a new matrix Ω̃αβ(τ, τ́) as
follows:

Ω̃αβ(τ, τ́) =

∫ λ
0

ε(τ − τ1)L
−1
αβ(τ1, τ́)dτ1 . (A.1)

To get the function Γαβ(τ, τ́) we write

Γαβ(τ, τ́) =
1

2

∫ λ
0

Ω̃αβ(τ, s)ε(s− τ́)ds . (A.2)

In our case

Lµν(τ, τ́) = ε(τ − τ́)ηµν

− e

∫ λ
0

ε(τ − τ1)Fµν(τ1)ε(τ1− τ́)dτ1 .

(A.3)

Now we have
∫ λ
0

Lµν(τ, s)(L
νβ)−1(s, τ́) = δβµδ(τ − τ́) . (A.4)

Therefore,

∫ λ
0

ds

[
ε(τ − s)L−1µβ (s, τ́)

− e

∫ λ
0

dτ1ε(τ − τ1)Fµυ(τ1)ε(τ1− s)
(
Lνβ

)−1
(s, τ́)

]

= ηµβδ(τ − τ́) . (A.5)

Substituting (A.1) into (A.5) we obtain

Ω̃µβ(τ, τ́)− e

∫ λ
0

dτ1ε(τ − τ1)Fµυ(τ1)Ω̃
ν
β(τ1, τ́)

= ηµβδ(τ − τ́) . (A.6a)

This equation is equivalent to the differential equation

dΩ̃µβ(τ, τ́)

dτ
−2eFµυ(τ)Ω̃

ν
β(τ, τ́) = ηµβ

dδ(τ − τ́)

dτ
,

(A.6b)
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with the initial condition

Ω̃µβ(0, τ́)+ e

∫ λ
0

dτ1Fµυ(τ1)Ω̃
ν
β(τ1, τ́) = ηµβδ(τ́) .

(A.7)

Inserting the general solution

Ω̃(τ, τ́) = e2e
∫ τ
0 dτ1F(τ1)c̃(τ, τ́) (A.8)

into (A.6b), we get

c̃(s, τ́) =

∫ s
0

e−2e
∫ τ
0 dτ1F(τ1)

∂

∂τ
δ(τ − τ́)dτ + c̃(τ́) .

(A.9)

In this way

Ω̃(τ, τ́) = e2e
∫ τ
0 dτ1F(τ1)[c̃(τ́)− δ(τ́)]+ δ(τ − τ́)

+2eF(τ́)θ(τ − τ́)e−2e
∫ τ́
0 dτ1F(τ1)e2e

∫ τ
0 dτ1F(τ1) ,

(A.10)

and using the initial condition (A.7), taking into account
Ω̃µβ(0, τ́) = c̃(τ́), we obtain

c̃(τ́)− δ(τ́) =−e
V −1(τ́)V (λ)

1+V (λ)
F(τ́) , (A.11)

where

V (λ) = e2e
∫ λ
0 dτ1F(τ1) , (A.12)

V −1(λ) = e−2e
∫ λ
0 dτ1F(τ1) . (A.13)

Substituting (A.11) into (A.10), writing

Ω̃(τ, τ́) = δ(τ − τ́)+ eV (τ)

×

[
ε(τ − τ́)− tanh

(
e

∫ λ
0

dτ1F(τ1)

)]

×V −1(τ́)F(τ́) , (A.14)

and substituting (A.14) into (A.2), we obtain

Γ (τ, τ́) =
1

2
V (τ)

[
ε (τ − τ́)− tanh

(
e

∫ λ
0

dτ1F(τ1)

)]

×V −1(τ́) . (A.15)

According to (A.1), we get

L−1(τ, τ́) =
1

2

∂Ω̃(τ, τ́)

∂τ
= ε−1(τ, τ́)+e2F(τ)V (τ)

×

[
ε(τ − τ́)− tanh

(
e

∫ λ
0

dτ1F(τ1)

)]

×V −1(τ́)F(τ́)+ eV (τ)δ(τ − τ́)

×V −1(τ́)F(τ́) . (A.16)
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